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Small Deviations from Local Equilibrium for a Process
Which Exhibits Hydrodynamical Behavior. II

A. De Masi,! P. Ferrari,” N. Ianiro,’ and E. Presutti*
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The symmetric simple exclusion process on Z with sources at =L, L &N is
considered. The stationary measure y, is studied in the limit as L diverges. The
first order correction to its limit is proven to be of order 1/L and it is explicitly
computed. The result is in agreement with the analysis of the model from the
hydrodynamical point of view initiated in Ref. 1.

KEY WORDS: Hydrodynamical behavior of microscopic systems; sto-
chastic dynamics; simple exclusion process; local equilibrium; Fourier law.

1. INTRODUCTION

The analysis of the small deviations from local equilibrium for the symmet-
ric simple exclusion process was initiated in Ref. 1. In this paper we
complete it by studying the “stationary case.” We refer to Ref. 1 for
motivations and notation. The problem and its solution are stated in
Section 2, the proof in Section 3. The main technique is based on the
introduction of the “weak coupling” between the independent and the
simple exclusion processes, which might be interesting per se; cf. Section
3.1

2. RESULTS

The symmetric simple exclusion process on Z with sources at = L has
been studied in Refs. 6 and 5. It is a Markov process with state space
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{0,1}*4*! and generator £~ given by

ENm=0/2) 3 [+ ) —m]+1/2) 5 3

e=*18=0,1
X (8p(9[S(n(eL,8)) = f(m] + (1 = $)[1 = p(9)]
X[ f(n(eL,8)) = f(m) ]} (2.1)
=n(x) x€[-LL]. ax)EL
[n(x,x+1)](y)=n(y) for y=#x,x+1
=X for y=x+1
=x+1 for y=x
[n(L.8)](») = n(») for y<L
=4 for y=1L
[1(-L&)])=n(»)  for y>-L
=0 for y=-1L

0< p(e) <1 for e= +1

The first term on the right-hand side of Eq. (2.1) describes the usual simple
exclusion process, namely, each particle after an independent Poisson time
of mean 1 jumps on one of its nearest-neighbor sites (with probability 1). If
the chosen place is occupied the other particle is forced to make the
opposite jump. (We assume that particles are indistinguishable so that the
above can be rephrased by saying that the jump is forbidden if the chosen
site is occupied, point hard core condition.) The other terms on the
right-hand side of Eq. (2.1) describes death and birth processes at =+ L.
After an independent Poisson time of mean 1 a particle is created at L
[~ L] with probability p(1) [p(—1)] or destroyed with complementary
probability. The choice of the same intensity makes computations simpler;
more general cases can, however, be handled with the same techniques. It is
easy to see that, given L, p(1), p(— 1) there is a unique stationary measure
;s cf. Ref. 5. From a hydrodynamical point of view the interest is focused
on the local structure of u, as L diverges; in particular our problem is the
computation of the first-order correction to the limiting Bernoulli state. We
obtain the following:

Theorem 2.1. Let £ =(—1,1) and A be a bounded region. Let

p&=3[p()y~p(-DHE+1[p()+p(- 1] (2:2)
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and

Ud(Marieny) = ZAO‘X["(X +[EL]) - p]

xe

+1¢ 2, [+ = pI[n(r +[£]) = 2] @3)
xyEA

where
a=(p-p) ' $=4(p-pY) (1-E)"
p=p® p=i[p()-p(-1]
Let £ = 1 /(L + DL}, then
o Ly (a4 gen) — ”p(£L>(’7A+[sL1)exP{ % Us(’?AHaL])}l =0 (24

were if p is a probability measure on {0, 1}%

p(Marper) =p({n(x) =1L Vx €A +[{L]Y)

and », is the Bernoulli measure with parameter p.

3. PROOFS
By going to the dual processt® we obtain
ma® = 2 ()PEELPOPEYT G
X=(Xgs 0 0s %) —L+1<x,<L-1,
i=1,...,n x<---<x, (3.1b)
prof(X)=p({n(xi)y=Li=1---,n}) (3.1¢)

P(X; k; L) denotes the probability that k particles reach L before — L and
that n — k reach — L before L. The probability is taken with respect to the
simple exclusion process for n particles starting at X with the condition that
once a particle is at * L it disppears. It is known(® that

n L4 x— i+

PEm =11 ( —Z—Zf:n—i;— ) (3.2)
n [ L—(x+n—i

P00 =1 —2-1-:(;—(”—”_1—)}} (3.2b)
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Equation (3.2) does not determine g, _,(X) except for the case n = 2. We
will extend Eq. (3.2) to all # but only up to first order in 1/L. There are
special symmetry considerations which allow an exact computation for the
case when all particles exit from the same side and we have not been able
to find analogous arguments in general.

The usual technique in the estimation of probabilities for the simple
exclusion process is based on the comparison with the free (independent)
process; cf. Refs. 1 and 4, for instance. Basically one introduces a coupled
process and typically the interacting and the corresponding free particles
are at mutual distance within V7 (at time ¢). This was enough for the cases
treated in Ref. 1; in the present problem the “error” could be catastrophic,
even a shift by 1 between corresponding particles in the coupled process
could determine a different exit for a particle in the two processes. This
might occur with small probability, and in Ref. 2 we exploited this by
reducing the problem to a two-particle case (the other particles behaving
“normally”) and then using Eq. (3.2). The proof unfortunately contained a
mistake which we have not been able to fix using that line of approach. The
main consideration in the present approach is that the probability P(X; k;
L) depends only on the paths of the particles; it does not matter what time
is taken for each one to travel along its trajectory. We exploit this by
introducing a “weak coupling” between the interacting and free processes;
we lose the time correlation between the displacements of the correspond-
ing particles but we can get much more accuracy on their space paths. To
accomplish this we will introduce a “coordinate reduction,” which is a
typical tool to reduce pure hard-core interactions to free cases, namely, we
change the position x; of the interacting particle to x{ = x; — i + 1. In these
coordinates all displacements are allowed, the actual position being recov-
ered with the knowledge of the mutual ordering among the particles, {this is
the reason for the appearance of x; — i+ 1 in Eq. (3.2a)]. The difficulty
comes from the fact that times cannot be matched: when two interacting
particles are at nearest-neighbor (n.n.) sites they separate more slowly than
two free particles standing on the same site. We will show that the changes
in the x/ are those of an independent process, the times and the order at
which they occur being, however, different. We will prove that there is an
isomorphic mapping between the probability spaces on which the two
processes are realized for which the space trajectories of each x/ are
mapped in the same space trajectory of the corresponding free particle; we
agree to call this a weak coupling between the two processes.

We divide the remainder of the section into two parts: in the first one
we describe the weak coupling, in the second one we use it to prove of
Theorem 2.1.
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3.1. Weak Coupling

We will introduce a probability space (2, %, P) where both the inde-
pendent and the interacting processes are realized. The space £ is equipped
with an increasing family of o algebras %(¢). The interacting process
{x(8), ..., x,(0)} starts from x,...,x, (x; <x,<--- <x,) and is
measurable with respect to §(r). The independent process xX(¢), . . ., x2(2)
starts from x{,...,x,, x{=x;,—i+1, i=1,...,n and is anticipated
with respect to the filtration %(r). More precisely, we will prove that for all
i=1,...,n and ¢t R, there are stopping times 7(z,i} such that
[x2()1, [0, 1s measurable with respect to T, ;.

The main result is the following:

Theorem 3.1. (a) T(¢,7) is nondecreasing in ¢, 7(¢,i) > ¢, and it is
almost surely finite.

(b) There is a labeling rule for the simple exclusion process so that the
following holds. Define for y,, . .., y, (), # Y 7))

k(i; 15+, y,) = Cardinality(j : y; < y;)
and given y,, ..., y, as above,

Yi=yi— k(i y, .o p,) 1
we have that for all ¢

x(T(LD) =x(1), i=1...,n

As a consequence the sequence of jumpts occurring in the path of each
independent particle are just the same as those of the corresponding
interacting one in its “reduced coordinate.”

(c) For every e > 0 there exist 4, B > 0 so that

P({T(t,i) — > t‘/“‘}) < Ae B
P({lx(1) - xP (1) > tl/““}) < de B

Our first step is the explicit construction of the probability space (£, %, P).
For every x € Z we introduce a Poison point process of parameter 1 and to
each point a + 1 mark is attached with independent symmetric probability.
Furthermore, for every 2 < m < n we define a Bernoulli scheme with
values on the permutation of 1, ..., m, each permutation having the same
probability. The space (£, %, P) is the direct product of all these spaces.
The Filtration %(r). We consider the initial position of the particles
X=x,...,x, as fixed. The first stopping time 7, is the first time a mark
appears among the sites X. For 1 < 7, we put X(¢#) = X, 7, determines a site
and a possible jump for the particle at that site: namely, if x; is the site
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where the mark occurs and o its value, then at time 7, the new configura-
tion is X' = x}, ..., x, with xjf=xj,j#i, and x=x,+ o if x, + 07 x,
Vj+# i, and = x; otherwise. Starting from X(r;) a second stopping time 7,
and a trajectory X(#), 7, < ¢ < 7, are defined as before. Recursively are
then defined 75, ..., 1,,... and X(f)upto 7, ... . We will now introduce
a labeling of the particles; the corresponding process will be hereafter
referred to as the labeled process. We say that a cluster occurs in the
configuration y=y,,...,y, (y;7y; i#j) if there are m > 2 nearest-
neighbor particles. Particles keep their labels until they get into a cluster, at
which time labels are uniformly randomized inside the cluster. This proce-
dure starts at time zero. Assume there are k clusters in X, assign an
arbitrary ordering among them and say there are m,, ..., m, particles,
respectively. Then the labels of the particles in the first cluster are changed
according to the first permutation of m, integers appearing in £. Let it be
7(1), . .., w(m)); then the label of the first particle in the cluster becomes
that of the «(1)th and so on. For the second cluster we use the first
permutation with m, integers if m, # m, or the second with m, if m, = m,,
and so on for all the others clusters. This defines the labeled configuration
at time 0*. The labels are then kept by the particles up to 7, the first
among 7, ..., T, ... for which either a new cluster appears with respect
to those in 7,,_, or an existing one increases. At that time the labels of the
particles in that cluster are changed according to the first not already used
permutation of m integers, if the cluster has m particles. F(¢) is the smallest
o algebra in ¥ for which x(¢), ¢ < t, 7, A t, i €N, and the sites and values
of the marks corresponding to 7, A ¢, § €N, are measurables.

The Interacting Process. It is easy to see that the process X(¢) (neglect-
ing the labels of the particles) is the simple exclusion process starting at X.

The independent process x°(f) has initial position x,x/ = x, — i + |,
where x is the labeled configuration of the interacting process at time 07.
The times when particles move are 7,,7,, . . . . The particle which moves at
time 7,, has the label of the interacting particle that at time 7,,_, is at the
site which determines r,,. To specify the jump of the independent particle
we do the following. Given the labeled configuration x we define x'

as x{ =x, —k(i,x)+1,i=1,...,n Let 8x;(1),...,8x/(m),..., i=1,
...,n be the changes occurring in x/(¢), t € R, . We theén say that the
changes 8xX(1),...,8x%(m),...,i=1,...,n are the same as &x/(1),
..., 0x/(m), ..., respectively,i=1,...,n

It is easy to verify that the times 7,, are distributed according to a
Poisson point process of intensity n, that the label of the independent
particle which moves at time 7,, has probability 1 /» independently of F(¢"),
v < 1,, and that the random variables éx/(m), i € {1,...,n}, m €N are
independent symmetric random variables, so that x°(z) describes an inde-
pendent process for n particles starting at x.
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Given i€ {l,...,n} and t €R, the stopping time 7T'(z,/) is the
greatest between ¢ and the time at which 6x/(m) occurs, where m is the [9(7)
measurable] number of times x? moves up to time 7. x%(¢), 0 < ¢ <t is
then ¥, ,, measurable.

Parts (a) and (b) of Theorem 3.1 are direct consequences of the above
construction. The difference between T'(7,i) and ¢ depends on how many
times before ¢ a mark appeared which referred to the i particle and for
which the x/ coordinate did not change. This can be estimated in terms of
the time any two interacting particles are close (n.n.) which increases less
than #'/2*<(e > 0) with probability greater than 1 — A’e """, 4”7 >0 (4’
and A” depending on €); cf. Ref. 4. It is then easy to get the estimates of
Theorem 3.1(c).

We conclude this subsection with the following remark. Let (X, %, P)
and (¥°, 3°, P% be probability spaces where the interacting labeled process
x(7) and x%(¢) are realized with $[5°] being the ¢ algebra generated by
(x()}[{x%1)}]. Then there exists an isomorphic mapping ¢ from (%, ¥, P)
to (%% 9° P, which makes 8x/(m)= 8x’(m) for all i€ {1,...,n} and
m €N. We have already proven in Theorem 3.1 that the process 6x/(m),
8x°(m) have the same distribution; therefore an isomorphic correspondence
between the atoms of the measurable partition = generated by the 8x/(m)
variables in ¥ and 7° generated by 8x’(m) in X° is set. The conditional
probability of P to each atom of # is nonatomic and the same happens for
7°. Furthermore, both P and P° are nonatomic after relativitation to the o
algebras generated by 7 and #° respectively. By the theorem of Ref. 7 =
has an orthogonal complement, namely, there is #* such that P is the
direct product of P relativized to ¥/7 and ¥/7*. Analogously for #°. Both
Pon %/7* and P° on ¥°/7°" are nonatomic Lebesgue measures, hence
isomorphic for a mapping ®. The above-defined correspondence between
the atoms of # and #° together with ® defines the isomorphic mapping
between (¥, %, P) and (X°3°, P°).

3.2. Proof of Theorem 2.1.
We use the labeling described in Section 3.1 to rewrite Eq. (3.1) as

(%) = 2 P L) p(e) (3:3)

s sl =
P(x;€; L) is the probability that particle i reaches ¢, L before —¢ L. The
probability is computed with resepct to the labeled exclusion process as
defined in Section 3.1 with the rule that once a particle reaches + L it
disappears (the others moving according to the same prescriptions but with

reference to a number of particles decreased by one). We have the follow-
ing:
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Lemma 3.1. Forf{&(-1,1),

limL{[va(n(xi +[EL) =1 i=1,...,n) _P(gz,)n}

_L S (Px+[iLfieL+1)

L€

—PO(x+[éL]; 6 L+ 1)} l_I:IIP(%)”

-3 310 - p(- ) ]xpe!

§=(L+1) '[EL],  x+[EL]=(x +[EL].. ..., x, +[EL])

p(%) is defined in Eq. (2.2) and P°x;€; L) is the probability that particle ;
reaches ¢, L before — ¢.L for the independent process starting at x.

Proof. Ttis easy to see that P%(x;e; L) = (L + ex)/2L and from this
the lemma follows easily. W

The above estimate leads to the appearance of the one-body potential
in Theorem 2.1.

From Lemma 3.1 we reduce the problem to the computation of the
limit of L{P(x+[£L];e; L) — P%(x + [£L}; ; L)]. The coupling we have
introduced in Section 3.1 compares the labeled simple exclusion process
starting at x with the independent one starting at x’. It is therefore
necessary to estimate the contribution of the independent process when it
starts from x and from x'. We easily have (and therefore we omit its proof)
the following:

Lemma 3.2. For{e(-11),

lim L ze [Po(x+[EL)e; L) — POUX + [§L];6; L)) f[lp(ei)

=P Y B 1+ adap(a)r(e)

(i, k) €12

itk
We are now left with the problem of comparing P(x +[£L);¢; L) and
PO(x' + [£L]; €; L). For notational simplicity we only consider £ =0. We
realize the independent and simple exclusion processes on (Q,%,P) as in
Section 3.1. However, it should be remembered that once an interacting
particle reaches + L it disappears and so at later times the construction of
the labeled interacting process takes account only of the remaining parti-
cles. Memory of the disappeared particle is, however, left when one
recovers the positions of the particles from their reduced coordinate
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description: in the ordering of the configuration the particles which reached
— L are the first ones, those at + L the last ones. (For the independent
process, of course, the above remarks are irrelevant.)

We introduce the stopping time N, (+)[A(—)] as the first time x2(7)
reaches L —an[—L + 1] and A, = min{A(+),A(—)}, i=1,...,n For
i=1,...,nlet

4G —)y={N=N(=)x(+)> - L -}, V1t <>\i(+)}
A )= (N = N(+), x(+FY<L—n+j+1,Ve< M)}

AN =AYV AU +) (3.4)
A¢ =[}=_JlAi(n — I)J

By Theorem 3.1(b) we have that (7,[T,"] below are the stopping times at
+ L for the interacting [independent] particle i)

fdP}({xi(Ti)ze‘-L,i=I,...,n})
4°
=| dPI{[xNTY=¢L,i=1,..., 35
PR =aki=Lom)) (39)
We choose 8 > 0 small enough, for instance § = 1/100, and we set T(L)
= 1% We then define fori=1,...,n
Bi={N=N(—), It <N(H) t <N+ T(L),x)(n=-L-n+1)
LA =N(+), FE<N(=), t <N+ T(L), XM (1) = L} (3.6)
D= {N=N(—),x()> —L+ LVIE[N+ T(L),A(+)]}
LN =N+ () < L-nYee[N+ T(L)L.A(-)]} (37

C={L2‘5<A-<L“6,i=l,...,rs;

=M > L0V i T — e <e'2P0We > 1770 (3.8)

It remains to compare the interacting and independent processes in the set
U A;(n—1). In order to write the exit condition for the interacting
particles in a computable way we restrict this space by imposing further
conditions. We therefore need the following;

Lemma 3.3. Foreveryi€{l,...,n},
limLP{A,. n (c n D, ﬂ‘%) } -0
Joki
where 4; = 4,(n — 1}.
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Proof. We use the following'® for the distribution density F(¢,a) of
the stopping time at a for a simple random walk which starts at the origin:
as a diverges

F(t,a)~const|a|t~>/ %~/ (3.9)
From this it easily follows that
ImP(L*7P <A <Ly =1, i=1...,n (3.10a)
mP(\(e) = N(H > L) =1, Vee&==1;Vi#j (3.10b)
By use of Eq. (3.10) and Theorem 3.1(c) we have that
ImLP(A,NC)=0
Forj+#i
P(A; N Bf )= P(4,)P(B)

and P(4,) behaves as L™' while using Eq. (3.9) lim,_,,, P(B/)=0. We .
finally have

PlA,(n=1,-)N D] < PN
§=(x()> —~L—n+ LVt €[N(-)WN(-)+ T(L)])
L A(=)+ T(L) > M(+))
g={AFe[A(~)+ T(LYN(H)]: —L—n+1<x)(P) < — L;
(> —L-n+1L,Vie[fN(+)]}
P(4,(n—1,-)N D/ ) < E(1($)E(1(Hx)(1), Yt €(0,71)) < HL™'P(§")

where H is a suitable constant independent of L. By Eq. (3.9),
lim, , P(4") = 0. Analogous estimate holds for 4,(n — 1, +) and then the
lemma follows easily. W

Lemma 3.4. Let T;[T", i=1,...,n, be the stopping time at = L
for x,(£)[x%()]. We have thatfori=1,...,n,

limLE(l(Ai) Jlill 1(x(T;) = ¢L) ~ jgl 1A = A(e))
X {1 + e{(l(}\i = A,.(—))l(A,.(éi@i(k), —))
10y =M (A 2 o) +)))m —0 @11
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where

(ky=1 A =N(=) A=A (=) <A(—

P:(k) . (=) M () (—) (3'12)
=0 otherwise

Yi(k)=1 ifA =A(+)and A, = A (+) <A(+) i3
=0 otherwise (3-13)

Proof. By Lemma 3.3 we have
lim L ( ﬂ ejL})
—P(A ﬂ{ (T;) = L}ﬂCﬂDiﬂBj) =0 (3.1
Ji

By definition of B; we have
N (L) =¢L} = {A=X(g)} N

For trajectories in (), ., B, N C we have that if A, =A,(—) at that time
> ki @i (k) particles have already reached — L for L large enough. Because
we consider trajectories in D; N C we also have that the exit condition at
—~ L for particle i reads as the condition for x(¢) to reach —L —
> ki @i(k). Analogous argument is used when A; = A,(+). By Lemma 3.3
we complete the proof of Eq. (3.11). N

Let 7° be the stopping time at + L for x2(¢), we then have

im L[ P({x(T}) = gL, j=1,...,n))
—P({x;’(TjO) =¢L,j=1,..., n})]

~th2 E(I(A A(€)V) # i)e;

<

(4 2wt +1-)) - 1040 —))]1(&- =\ (-)

+ [1(,4,.(71, +)) = 1(/‘1-(,;;1"'(") th +)>]

X 1(}\i=}\i(+))}) (3.15)
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After conditioning to x(¢) for ¢ <A, and to x)(r), V1, ¥j # i, we get that
lim L] P({x(T;) = gL, j=1....,n})

~P({4 (7})=9L,J=1~--’n})}

llmzz 5 PN =N(), V) # i, k)

Lo (24 (2 2
X E(g1(M = A(e)){ @i KL = A(—))
+ (1 - Iibi(k))l(}\i - }\i(+))}) (3.16)
Equation (3.16) reduces the problem to the computation of Aexit probabili-

ties for independent particles. It is easy to see that the expectation on the
right-hand side of Eq. (3.16) in the limit L — oo is

tifg=¢ =1 (3.16a)

—3ifg=¢=—1 (3.16b)
if{e=Leg=-lLe=—-1l¢g=1) (3.16¢c)

By Lemmas 3.1, 3.2, and Egs. (3.15), (3.16), we obtain the first-order
correction to p, (n(x;)=1,i=1,..., n) and then it is easy to check that

this agrees with the estimate of Theorem 2.1 at £ = 0. The case £+ 0 is
completely analogous.
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NOTE ADDED IN PROOF

We are indebted to Herbert Spohn for the following remark. If one
considers the fluctuation field

L 1 _
S =7 _Z H(F) e = p(m)]

in the state y, , then one can show that
lim u, (§7(/)E"(8)) = [ dxdy f(x)g(N)EXED
The covariance of the limit fluctuation field is given by

GEEROY =p)[1=p()]8(x = y) + (pYA (% p) IxI<L[yI<1

where A7 '(x, y) is the kernel of the inverse Laplacian on [~1,1] with
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Dirichlet boundary conditions. At coinciding arguments
A7) = 4(1 = #7)

Therefore also in the steady state one finds the structure obtained for
time-dependent states: the strength of the two-body interaction is deter-
mined by the regular part of the covariance of the fluctuation field at
coinciding arguments.
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